Abstract: Starting with a discussion of the general applicability of the simplified mirror TBA equations to simple deformations of the AdS 5 × S 5 superstring, we proceed to study a specific type of orbifold to which the undeformed simplified TBA equations directly apply. We then use this set of equations, as well as Lüscher's approach, to determine the NLO wrapping correction to the energy of what we call the orbifolded Konishi state, and show that they perfectly agree. In addition we discuss wrapping corrections to the ground state energy of the orbifolded model under consideration. *
Introduction
In this paper we discuss aspects of finite size integrability of an orbifold of the AdS 5 × S 5 superstring. Through the AdS/CFT duality [1] 1 , this provides us with means to determine the anomalous dimensions of certain operators in the corresponding dual, orbifolded super Yang-Mills theory.
In the setting of the AdS/CFT correspondence, the only tool that is currently available to non-perturbatively study finite size effects is a set of equations known as the mirror thermodynamic Bethe ansatz (TBA) equations. Based on experience in integrable relativistic models [3] , the idea of applying similar methods to the AdS/CFT correspondence was put forward in [4] and explored in detail in [5] . The main step in deriving the mirror TBA equations is the formulation of the string hypothesis [6] , which has been taken in [7] by using the mirror version of the Bethe-Yang equations [8] for the AdS 5 × S 5 superstring. This was followed by a derivation of the canonical [9] [10] [11] and simplified [12] TBA equations, describing the ground state of the theory. The associated Y-system was conjectured in [13] . The mirror TBA equations have subsequently been used to analyze the vanishing of the ground state energy beyond the asymptotic regime [14] . Furthermore, these ground state equations can be used to obtain equations for the excited states, through a contour deformation trick [15] inspired by the analytic continuation procedure of [16] . Using this trick, the mirror TBA equations have been used to reproduce perturbative results found through Lüsher's approach 2 [18] [19] [20] , and to study certain states in the sl(2) sector in considerable detail [21] [22] [23] , specifically at intermediate coupling in [24, 25] . The involved analytic properties of the Y-functions [22, [26] [27] [28] are essential in determining these equations.
The methods used to study finite-size corrections in N = 4 SYM have also been applied to closely related theories; orbifolds and so-called β-deformed theories. These generalizations require knowledge of the corresponding deformed transfer matrices, which for generic deformed theories can be constructed either by twisting the undeformed transfer matrix [29] , or by twisting the S-matrix [30] . Such twisting procedures were first concretely applied to β-deformed theories 3 , at the level of the transfer matrix in [37] and subsequently confirmed through the general setup in [29] , while at the level of the S-matrix this was done in [30, 38] . Both approaches proved to be successful as they correctly reproduced wrapping energy corrections that were computed in β-deformed SYM [39, 40] . The general methods of twisting also make it possible to study the more general γ-deformations and orbifold models based on the AdS 5 × S 5 superstring, as was e.g. done for orbifolds in [29] .
In the present paper we consider a deformation of the string model obtained by twisting the boundary conditions of certain fields, which means that the mirror TBA equations derived for the AdS 5 × S 5 string are not directly applicable. As we will argue however, the modifications of the canonical TBA equations corresponding to such generic deformations should take a rather modest form, and a considerable amount of these modifications should disappear completely from the simplified TBA equations [12, 22] , by nature of their derivation from the canonical ones. In fact, concretely we will consider twisted boundary conditions that give us an orbifold for which the simplified TBA equations are not modified at all! The apparent slight loss of information in going from the canonical to the simplified TBA equations, is in some sense really only apparent; because the asymptotic solution for such deformed models has a considerably different analytic structure, and the simplified TBA equations are still a set of coupled nonlinear integral equations, it seems that together with the contour deformation trick, they contain enough information to uniquely fix the Y-functions. In other words, we argue that whatever the underlying canonical TBA equations of our orbifold model are, they should imply the same set of simplified TBA equations as for the AdS 5 × S 5 string. Nevertheless, a derivation from first principles of these and more generically deformed TBA equations, and a general investigation of the integrable properties of these models would be both important and interesting.
The model we will consider is an orbifold of the five sphere of the string theory, dual to a special subset of the Z S orbifolds considered in [41] , which preserves none of the supersymmetry of the undeformed model. As a specific application, we will consider a state which in the undeformed case is the sl(2) descendant of the Konishi state; for simplicity we will call it orbifolded Konishi. We will describe the analytic properties of the asymptotic solution, and use it to find the set of simplified TBA equations for this excited state. These TBA equations can then be used to find the leading-order (LO) and next-to-leading-order (NLO) finite size corrections to the energy of this state, giving the perturbative anomalous dimension of the corresponding dual operator. Due to the deformation, these so-called wrapping effects start at considerably lower order in the coupling constant, and so might be quite readily accessible by direct computations in the gauge theory. We will show that these finite size corrections are in perfect agreement with those computed through Lüscher's perturbative approach [17, 42] , providing a consistency check on both approaches. This is the first instance where the mirror TBA has been used to study a physical state in a deformed theory, and we see that the puzzling disagreement between the mirror TBA and Lüscher corrections, described in [29] for an unphysical magnon, is not present for this physical state.
We will also briefly comment on the ground state of this theory, which has nonzero energy. As a concrete demonstration of this, we compute the LO and NLO wrapping correction to the energy of the ground state from its asymptotic solution. Moreover, we in fact discuss wrapping corrections up to double wrapping order. This paper is organized as follows. First we give a general discussion of the effects of twists on the canonical and simplified TBA equations, and argue that the simplified TBA equations for the specific orbifolds we consider are not modified. We then discuss the orbifolded Konishi state and its asymptotic solution in terms of twisted transfer matrices, which is subsequently used to find the corresponding simplified TBA equations. In the process we also find the asymptotic solution for the ground state. Finally we discuss the perturbative LO and NLO wrapping corrections to the energy of the orbifolded Konishi state, as well as the ground state, and show that Lüscher's perturbative approach and the TBA approach perfectly agree. We will also briefly touch upon more general twist-2 operators in this context along the lines of [43, 44] .
Applicability of the simplified TBA equations
In this section we will discuss to what extent the simplified TBA equations as derived in [9, 12] are applicable to integrable deformations of the AdS 5 × S 5 superstring. This would be analogous to the wider applicability of the Y-system to excited states, for undeformed as well as deformed models. The Y-system can be derived from the TBA equations [9] , through the application of an operator with a large kernel. This means that in general there are (many) solutions to the Y-system that are not solutions of the TBA; it is more universal, but it also contains less information. As discussed in [15] , the TBA equations are universal in the sense that the form of the equations is the same for any state, with the distinction between states coming from modified integration contours combined with distinguishing analytic properties of the Y-functions for different states. These differences only lead to the appearance of driving terms, driving terms which disappear exactly upon application of the operator mentioned above, as required to obtain the Y-system equations.
In a similar fashion, when deforming this model, provided of course that the assumption of quantum integrability holds 4 , we should expect the TBA equations to be modified 5 ; chemical potentials should enter the equations, which themselves could be coupled in a more involved fashion. It is still possible to imagine however, that the simplified TBA equations for such models would only be modified in very simple ways, or could even be unchanged in certain cases. A good example of this is the Hubbard model in the presence of a magnetic field, which does not affect the simplified TBA equations [45] . The simplified TBA equations are equivalent to the canonical TBA equations, but only upon specification of certain boundary conditions on the Y-functions 6 ; for us the large J asymptotic solution will play this role, see also figure 1. Let us consider these ideas in slightly more detail.
General deformations
Twisting boundary conditions on the string theory side corresponds to twisting boundary conditions in the time direction of the mirror model. Hence, in the process of deriving the TBA equations, the equations describing the relation between the particle and hole densities for the different roots should remain unchanged; it is the definition of the free energy for a deformed model which is modified. Twisted boundary conditions of the model in the time direction can schematically be taken into account in the derivation of the TBA equations by introducing a defect operator [46] in the definition of the partition function [47] 
We will not discuss the exact form of this operator for specific deformations, though it is clear that it should be related to the twisting of the transfer matrices giving the asymptotic solution in a direct and simple manner, whether it be through a twisted S-matrix [30] , or through what has been called an operational twist [29] . Were D simply a 'diagonal' operator, it would directly correspond to adding simple chemical potentials for each type of particle; chemical potentials which depend directly on the twist. However, since from the operational point of view, the twists in the left and right sectors of the mirror model are linked, in general this defect operator will most likely couple the two sectors. Equivalently, by twisting the S-matrix the splitting between left and right sectors in general disappears, meaning that D should couple the two sectors. Let us emphasize however, that they should naturally decouple again in the undeformed limit. In short, we should expect chemical potentials to enter the canonical TBA equations, where these chemical potentials should be proportional to the twist, and couple the left and right sectors in a fairly simple manner. Furthermore, for a string configuration or 4 Specifically beyond the asymptotic regime. 5 The authors would like to thank Zoltan Bajnok for enlightening discussions on this topic. These more involved canonical TBA equations should still reduce to the same Y-system upon application of the appropriate kernels. In the undeformed case, this is done in two steps; we first applies the kernel (K + 1) −1 (see [9] for a complete list of kernels), yielding the simplified TBA equations, which is followed by application of s −1 , giving the Y-system. Now as s −1 has a large kernel, it is not surprising that such a large set of different TBA equations reduces to one and the same Y-system 8 . The main purpose of this section is to consider to what extent a similar mechanism might take place one step earlier, this time not between ground state and excited state equations, but between deformed and undeformed equations. To do so, let us consider (K + 1) −1 ,
This indeed seems to be a nice inverse to K + 1;
where application of this kernel means a sum over repeated indices, and an integration over the rapidity u. As shown explicitly in for instance [9] , this inverse indeed exists on the space of functions which admit a smooth Fourier transform. However, on constant functions, K + 1 most certainly does not have an inverse, since constant functions of the form c = αN (2.4) are in the kernel of its would-be inverse 5) owing to the normalization of s, s = 1/2. It then immediately follows that when this operator is applied to a canonical TBA equation for a Q particle 9 , or one for a M |w or M |vw string 10 , the chemical potential of such a configuration will drop out, no matter whether the splitting between left and right sectors is manifestly present. This owes simply to the charge of such a configuration under the defect operator, or twist, cf. (2.5). Hence by applying (K +1) −1 to the canonical TBA equations for a deformed model, we end up with a set of equations which no longer contain chemical potentials for any string configuration or bound state of fundamental particles, which as just discussed is one of the main differences between the canonical TBA equations for the undeformed model and deformed models. This conspicuously leaves out the case of y-particles. However, as noted in [9] , for the undeformed model, reality of the free energy requires a relative sign between the chemical potentials of y-particles of type (1) and (2), i.e. left and right. Provided this feature persists, and we imagine the simplest possible coupling between the left and right sectors, the chemical potentials present there could very naturally cancel in some equations. In fact, since in the undeformed model the Y-system equations for y-particles are obtained from their TBA equations by simply applying s −1 , which on constant functions has only πi in its kernel upon exponentiation, if we expects the undeformed Y-system to come out as a result, no chemical potential could have entered the equation in the first place. However, note that already at the level of the undeformed model it was found that a potential chemical potential for y-particles will make its appearance in the Y-system [9] , and that this cannot be removed from all Y-system equations by a simple redefinition of the Y-functions.
As such it is not unreasonable to expect that models obtained by simple deformations require only modest modifications of the simplified TBA equations. In fact, the model we will concretely consider here satisfies exactly the same simplified TBA equations as the undeformed model. Furthermore, these ideas seem to apply quite well also in the case of γ-deformations [48] .
Now the key point is that these (deformed) simplified TBA equations should contain enough information to find a unique set of TBA equations for a set of Y-functions corresponding to a specific excited state; they are still coupled integral equations, unlike the algebraic Y-system relations. As discussed in [15] , the excited state TBA equations are found through the contour deformation trick, using the asymptotic solution and its analytic properties 11 . Now the asymptotic solution for these deformed models is readily available, as described clearly in [29] , and the analytic properties most certainly depend essentially on the deformation. Therefore, together with the simplified TBA equations this should provide enough information to find the set of TBA equations corresponding to such a state. This was already illustrated for the unphysical single magnon state in [29] , and in the present paper we will clearly illustrate this for the orbifolded Konishi state.
We would like to emphasize that we have not constructed, or proved existence of the canonical TBA equations for a arbitrary deformations. Rather, we have argued that any possible canonical TBA equations might very well be compatible with (simple modifications of) the simplified TBA equations of the undeformed model. The existence of the canonical TBA equations for orbifolded models can to some extent be directly inferred, as there are no major leaps required in the assumptions and derivations of [5, 7, 9, 12] , but it would be interesting to see their detailed form. Moreover, for β-deformed theories the story changes considerably more [32] . Hence, while in both cases the canonical TBA equations might be significantly more involved than necessary for practical purposes (the simplified TBA equations), it would still be of considerable interest to see a derivation of them. Now let us discuss the model we will consider in the rest of the paper, and how the above ideas give exactly the undeformed simplified TBA equations for this specific deformation.
Orbifolded Konishi
In this paper we consider a particular Z S orbifold of the regular AdS 5 × S 5 string theory, 11 The contour deformation trick can of course also be applied to find the canonical excited state TBA equations from the ground state ones, found through introduction of a defect operator as indicated above.
which falls general class of orbifolds considered in [41] . The orbifold we consider was first considered in [29] in the TBA approach, and corresponds to twisting the boundary conditions of the bosons y a and yȧ, for a = 1, 2 andȧ =1,2, as
The twists above will lead to a modification of the boundary conditions for two of the four fields Y aȧ , which together with the two fields contained in the unaffected complex Z field parametrize the five-sphere. Moreover, by construction the physical fermions θ aα = y a θα and ηȧ α = θ α yȧ inherit the twisted periodicity conditions. To obtain a nice orbifold we take α = ±α r , with α = 2πn S ; the choice of sign does not matter as the two resulting theories are essentially equivalent. In fact, for states without auxiliary excitations the transfer matrices is manifestly symmetric in α.
The defect operator D introduced above should take a very simple form for this type of orbifold. Effectively it should simply add the appropriate chemical potentials to the canonical TBA equations. In fact, since we only twist the boundary conditions for the w excitations and not the ones for y-particles (they correspond to fundamental fermions), only chemical potentials for w strings should appear. However, as discussed above these will immediately drop out from the simplified equations. This means we can use the undeformed simplified TBA equations of [12] to study this type of orbifolded models.
Within this type of orbifolded theories we study the sl(2) descendant of the Konishi state, which we call the orbifolded Konishi state, as indicated in the introduction. This state has J = 2 and excitation numbers K I = M = 2 and K II = K III = 0, meaning that is has only two fundamental excitations, and no auxiliary ones. Its AdS/CFT correspondent operator is schematically of the form Tr(γ n ZD 2 Z), where γ is the appropriate generating element of Z S . It has length two, the two Z's correspond to J = 2 and the covariant derivatives correspond to the fundamental excitations on the string side. The ground state in the sl(2) sector depends on the length and is given by Tr(γ n Z J ).
The main ingredient in either the TBA or Lüscher's corrections is the asymptotic solution, constructed through the use of left and right transfer matrices, T l,r Q,1 . For states without auxiliary excitations, and an arbitrary twist of the type above (meaning T l Q,1 = T r Q,1 = T Q,1 ), these are given by
Definitions of various quantities entering the last formula can be found in appendix A (see also [49] ); α is the parameter describing the twist of the bosonic eigenvalues, note how it enters symmetrically in the transfer matrix. In addition to this information, in order to find the simplified TBA equations for this excited state from the ground state ones we need the solution of the Bethe-Yang equations for the momenta of the two excitations. Fortunately for the diagonal types of twist used above, in the sl(2) grading the main Bethe-Yang equation is not modified so that it has the same solution as the true Konishi state, found numerically in [22] .
In the next section we will discuss how the asymptotic solution for orbifolded Konishi allows us to find a working set of simplified TBA equations. We will then calculate the NLO finite size correction to the energy and show that Lüscher's perturbative approach is in perfect agreement with the TBA approach as a check on the validity of both approaches.
The TBA equations for orbifolded Konishi
In order to obtain TBA equations for an excited state, following [22] , we employ the contour deformation trick. A clear overview of this whole approach has most recently been given in [15] . In short we assume that the ground state and excited state TBA equations differ only by the choice of the integration contours, and upon deforming the integration contours of the excited state TBA equations to the ground state ones, we pick up contributions of extra singularities, leading to the appearance of new driving terms in the excited state TBA equations. Below we discuss the analytic properties and related integration contours for the orbifolded Konishi state in detail, followed by the resulting TBA equations.
Analytic properties
Naturally, the analytic properties of the Y-functions depend heavily on the twist, while only their finer details depend on the coupling constant g. Most importantly, while the asymptotics of Y M |vw on the mirror line are M (M + 2) as should be expected,
the asymptotics of Y M |w and Y ± , depend on the twist, and indicate interesting behaviour; of real interest is the fact that the asymptote can be both positive and negative. The asymptotic values of both Y ± are given by
while those of Y M |w are given by
These results can be readily derived by realizing that in this limit the expression for the transfer matrix reduces to the character of the representation of the group element corresponding to the twist. Moreover, these constants are the Y-functions we should expect to find as the asymptotic ground state solution. Indeed, it is easily verified that the above expressions satisfy the ground state equations for w and vw-strings, and y and Q-particles.
To go beyond the asymptotic regime requires considerably more work of course. Because there is no more supersymmetry to protect the ground state energy from getting finite size corrections, we will present the leading order wrapping correction to the ground state energy in section 4.1, which is readily found from this solution. In fact it would be interesting to see an analysis of the ground state TBA equations along the lines of [14] and [25] for this orbifold. In figure 1 we have plotted the asymptotics of Y − , Y 1|w , Y 2|w , and Y 3|w .
It is interesting to note that the asymptotics in the zero twist limit smoothly reduce to the known values of 1 and M (M + 2) respectively, but also that this almost happens when the twist parameter is equal to π,
This is of course a very particular value, but still we clearly see that the asymptotic solution is really different from the untwisted case.
The fact that the asymptotic values of the Y M |w -functions can change from positive to negative means that these functions must have roots on the real mirror line for certain values of the twist and coupling; roots which are not present for the true Konishi state [22] . The rest of this section will be dedicated to a concrete discussion of the analytic properties of the Y-functions.
Let us start by recalling the construction of the asymptotic Y-functions in terms of the transfer matrices 12 , 
While not obvious from their expression, a similar relation holds for
The analytic properties for the orbifolded Konishi state are quite involved, in the sense that a large number of roots appear and play a role in the TBA, with many of them displaying critical behaviour of a nature that depends on the specific value of the twist. In the main text we will refrain from discussing these technical complications and focus on the TBA equations at small coupling; these are the equations that are presently of most value. A short discussion on the finer details of the analytic properties can be found in appendix B. At small coupling, the Y M |vw -functions have four roots, which we will denote by ±r M ±1
13 . These roots were not observed for the true Konishi state, which agrees with our findings, since these roots move away towards infinity as the twist is removed, see figure 2. As these roots are real, their shifted counterparts, the roots of 1 + Y M ±1|vw , will always appear in the TBA for orbifolded Konishi. Just as in the Konishi case, Y + has poles at u ± i , which lead to the appearance of additional driving terms in the TBA equations. While not discussing criticality here, let us briefly note that we reproduce the critical behaviour found in [22] , coming about as the smooth α → 0 limit of the general behaviour, see appendix B for more details.
To summarize, at small coupling the following points are important in the simplified TBA equations,
(3.9)
The simplified TBA equations
Following the contour deformation trick, in order for the asymptotic solution to be a solution, we take the ground state TBA equations of [9, 12] and define the integration 12 The general construction of the Y-functions in terms of transfer matrices is based on the underlying symmetry group of the model [50, 51] ; for the string sigma model asymptotic Y-functions were presented in [13] . In fact, this solution can be derived from the AdS/CFT Y-system together with the Bajnok-Janik formula [42] , see [22] . 13 As we are discussing the asymptotic solution, these roots of course correspond to roots of the transfer matrices TM,1 and TM+2,1, which we denote by ±rM−1, and ±rM+1 respectively. By taking the integration contour back to the real line, we find the appropriate driving terms and obtain the TBA equations. Note that the integration kernels and S-matrices which enter in the equations below have been defined and are completely listed in [22] .
• M |w-strings; M ≥ 1 ,
These equations are not modified at small coupling.
•
Here the driving terms arise from the poles of Y + and the roots of 1 + Y Q|vw ; an implicit sum over ± is implicitly assumed here and below.
• y-particles
In both equations we get contributions from the exact Bethe equation Y 1 (u * i ) = −1, where the star signifies analytic continuation of the rapidity to the string region 14 . In the second equation the roots of 1 + Y 1|vw also contribute. For the contribution from the exact Bethe equation we have used the following notation log
The contribution then follows from the identity
valid for real u j .
• Q-particles
(3.14)
Note that here we use the so-called hybrid form of the TBA equations for Q-particles as they are more suitable for numerical computations; see [22] for their derivation.
In the above, K 0,Q vwx = 0 and Y 0|vw = 0, which implies that the log S(±r − 0 , v) terms are also not present. The principal value prescriptions are required due to the pole of S(v) at v = −i/g.
14 Similarly, S1 * y (uj, v) ≡ S1y(z * j, v) is shorthand notation for the S-matrix with the first and second arguments in the string and mirror regions, respectively. The same convention is used for other kernels and S-matrices. Evaluating (3.14) on the asymptotic solution, for Q = 1 the equation becomes
This equation is satisfied, provided that the relation between L T BA and J is
This is different from the relationship found for the undeformed model where it was found that L T BA = J + 2 [22] , meaning that the relationship between L T BA and J changes discontinuously as the twist is removed. This has a natural explanation, discussed just below. However also practically this is perhaps not too surprising, as only for strictly zero twist the additional roots of Y M |vw disappear, meaning that the analytic structure is qualitatively different. The continuity of the full equation is discussed in appendix B.
The relationship between L T BA and J was nicely explained in [15] , where it was argued that a single set of TBA equations describes an entire superconformal multiplet of states. With this understanding, L T BA is the maximal J charge occurring in the multiplet, giving four for the Konishi multiplet as needed. The orbifold which we consider breaks the supersymmetry of the model completely, meaning that the multiplet structure is gone, and so we should expect to find L T BA = J, as we do. The supersymmetry is enhanced at exactly zero twist, which explains the discontinuous relationship between L T BA and J.
The exact Bethe equation
Beyond the asymptotic regime, the rapidity of a particle is determined from the exact Bethe equation Y 1 (u * i ) = −1, replacing the Bethe-Yang equation. The exact Bethe equation is but an analytic continuation away from the TBA equation for a Q = 1 particle, and continuing the hybrid equation for Q = 1 to the string region immediately gives,
In the above we use the notation log Res(S) K 11 *
, and the second argument in all kernels in (3.17) is the Bethe root u k . Below we will be considering the leading order correction to the particle rapidity due to finite size effects, which means we will be expanding the above equation about the asymptotic solution. In other words, we will be considering δR k , where R k is given by,
which are the terms in the exact Bethe equation that do not cancel by default when evaluated on the asymptotic solution.
Wrapping corrections
In this section we consider the leading order correction to the energy of the orbifolded Konishi state, as well as the ground state. We will also briefly touch upon generic twist-2 states and present their leading order wrapping correction. Subsequently we will focus on the next-to-leading (NLO) correction of the orbifolded Konishi operator. We will first consider the perturbative Lüscher approach and compare this against the corrections coming from the TBA for the orbifolded Konishi state.
Leading order
The Y-functions are asymptotically given by the generalized Lüscher's formula [42] 
HereẼ Q (v) is the energy of a mirror Q-particle, S Q1 * sl(2) (v, u i ) denotes the S-matrix with arguments in the mirror (v) and string regions (u i ) and finally T l,r are the left and right twisted transfer matrices, defined in (2.6), with α l = −α r = 2nπ/S.
In this section we will study the leading order wrapping correction and correspondingly only evaluate our Y-function to lowest order in g. We will denote also this lowest order Y-function simply by Y • Q , leaving the g-expansion implicit. It turns out that the wrapping correction starts at the two loop level. More precisely, the leading order wrapping correction to the energy (E LO ) is given by
where, for the orbifolded Konishi operator, the asymptotic Y-function is given by
while for the ground state, the asymptotic Y-function is given by,
Integrating and summing is straightforward and yields the following wrapping correction for orbifolded Konishi, cf.
[29]
Similarly, for the ground state we find for J > 1
This is a concrete demonstration of the nonvanishing nature of the ground state energy in the orbifolded model under consideration, as mentioned before. Also, from this result we immediately see that the wrapping correction vanishes in the undeformed (α → 0) limit, as it should. The wrapping correction in the case J = 1 is divergent, even though (4.6) is actually finite at this point. Note that the ground state energy diverges logarithmically for J = 2. It is not clear to us what the origin of this divergence is. Possible causes could be that the two point function of this operator at J = 2 has special behaviour, e.g. it could diverge differently than other two point functions. We might also speculate that this theory is not conformal and this is an indication that the two point function is no longer of the form |x − y| −∆ . It would be very interesting to investigate this point from a field theoretic point of view, by considering for example the Z 2 orbifolded theory. Finally, we would like to note that a similar issue was encountered in the undeformed theory [14] .
Interestingly, by using the twisted transfer matrix from β-deformed theory from [44] , we can extend the result for the orbifolded Konishi operator to generic orbifolded twist-2 operators. For a twist-2 operator with spin M , the wrapping correction is found to be
This result clearly respects reciprocity, and the analytic continuation around M = −1 corresponding to BFKL is also completely trivial in this case. From the principle of maximum transcendentality we would expect the above result to be of transcendentality degree three. However, since M −1 ∼ S 1 (M ) − S 1 (M − 1) the above seems to be of degree two at most. Nevertheless, as was remarked in [44] , writing 8) and assigning degree one to sin 2 α 2 gives the expected result of degree three. This might indicate that this is the correct way to interpret the degree of transcendentality in these theories.
Next-to-leading order
As with the undeformed Konishi state, there are two ways to compute the next-to-leading order correction; the first approach is based on Lüscher corrections and the second uses the TBA formalism. Both approaches were shown to agree for N = 4 SYM [19, 20, 23] . Here we will similarly use both approaches to compute the NLO correction and will show the necessary agreement between the two. For the groundstate both approaches immediately agree at next-to-leading-order, as there are no excitations.
Lüscher's approach
There are two different types of terms that contribute to the NLO wrapping correction [18] . First, there is the expansion of the asymptotic Y-function which can be straightforwardly computed from the explicit expression of the transfer matrix, for details see e.g. [18, 29] .
The other contribution comes from the fact that the Bethe roots receive finite-size corrections, i.e.
Consequently, the asymptotic energy E(p) also gets corrected
(4.10)
The correction δp can be computed from the Bethe equations and knowledge of the S-matrix [18] . Define the following function
The correction to the momentum δp is then described by the following set of equations
where momentum and rapidity are related via u = cot p 2 and Φ k is given by [44] Explicitly, for the orbifolded Konishi state, we find
(4.14)
-16 -Carefully computing the NLO energy correction to the orbifolded Konishi state then results in
The second term is recognizable as the leading order wrapping correction in β-deformed theory [29, 44, 52] .
TBA approach
The computation of the NLO contribution in the TBA approach follows a similar path. The only difference is that the asymptotic value of the Bethe root p i receives a correction coming from the main TBA equation (3.17) rather than relating it to the derivative of the S-matrix via Φ k . Let us schematically write (3.17) as
Varying the above over the asymptotic solution we find
In order for this to agree with the solution of (4.12), δR k should be related to Φ k as
For the Konishi operator this was indeed shown to be the case by relating δR k to the XXX-spin chain [20, 23] . A similar treatment is possible here. The crucial observation is that we can explicitly construct Y-functions based on the XXX-spin chain that satisfy an equation which strongly resembles the relevant TBA equation but with a different source term. Due to the similarities between the TBA equations of the orbifolded model and the undeformed model, it is easily seen that δR k will satisfy the equations discussed in [20, 23] , albeit with a different source term.
To make contact with an XXX-like model, consider the following transfer matrix
which satisfies
It is readily seen that t M (v) has two real roots r a,b . Upon taking
these roots exactly coincide with the roots r of Y M |vw . It is also easily checked that Y M |vw to lowest order can be expressed via t M (v).
Moreover, we also find that Y • M +1 (v) can be written in terms of t M (v) in the following way
This puts us into exactly the same position as in [20, 23] . It is then straightforward to apply the therein obtained results to find
This agrees exactly with Φ, proving that both ways of computing the NLO contribution (or factually the finite-size correction to the Bethe root) are in perfect agreement.
Ground state
In case of the ground state, there is no momentum p that gets corrected, nor are there Bethe roots. In other words, at next-to-leading-order, the only contribution comes from expandingp Q and Y Q . These contributions give rise to
For J > 1, this then becomes
The contribution for J = 1 again diverges, while this time the J = 2 contribution is finite. The above arguments can actually be extended all the way up to order g 2J . Due to the absence of excitations, the wrapping corrections up to double wrapping (order g 2J ) are solely described by the expansion of Y Q . In fact, since the transfer matrix is trivial, the wrapping correction to this order is simply obtained from the small g expansion of
At order g 2J , however, Y Q will obtain corrections from the other Y-functions, specifically from Y M |vw . It would be interesting to study this correction.
Conclusions
In this paper we have argued that the TBA equations for simple deformations of the AdS 5 × S 5 string should be given by rather modest modifications of the TBA equations for the undeformed model. It would be interesting to see a first principles derivation of the general canonical TBA equations, to see the way in which these deformations enter explicitly, both for orbifolded and β-deformed theories. Specifically, when considering the orbifold deformation of this paper, the modifications disappear completely upon going to the simplified TBA equations, a fact which should be seen from the canonical TBA equations directly, if and when they are found. It would also be of interest to do a detailed analysis of the ground state solution for this orbifolded model, which is no longer protected from receiving finite size corrections, by considering the double wrapping correction to the energy. Knowing the simplified TBA equations for the ground state, we were able apply the contour deformation trick, combined with knowledge of the asymptotic solution to find a set of TBA equations that describes the orbifolded Konishi state. Both this set of equations and Lüsher's approach were then used to independently determine the NLO wrapping correction to the energy of this state, giving perfect agreement. An interesting topic to consider in this specific model would be the next-to-next-to-leading-order (NNLO) correction from both the TBA and Lüsher approaches, providing the next nontrivial test of their perturbative equivalence, as well as giving insights on higher order wrapping corrections.
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A. Twisted transfer matrix
The eigenvalue of the twisted transfer matrix for an anti-symmetric bound state representation with the bound state number Q is given by the following formula, generalizing the result of [49] 
Here the twist e iα enters only the last line. Eigenvalues are parametrized by solutions of -19 -the auxiliary Bethe equations:
In the formulae above the variable
takes values in the mirror theory rapidity plane, i.e. x ± = x(v ± i g Q) where x(v) is the mirror theory x-function. As was mentioned above, u j take values in string theory u-plane, and therefore
) where x s (u) is the string theory x-function. These two functions are given by
Finally, the quantities λ ± are
The S-matrix in the string-mirror region S 1 * Q sl(2) is found in [53] (see also [18] ) and it has the following weak-coupling expansion .5) and
These expressions are enough to build up the two leading terms in the weak-coupling expansion of the asymptotic function Y o Q .
B. Critical behaviour of the asymptotic solution
There is a considerable number of additional roots that plays a role in the TBA for orbifolded Konishi as the coupling is increased, and their behaviour changes as the twist is varied. We will give an overview of this behaviour, but refrain from e.g. presenting the sets of driving terms these roots would result in, as their derivation is immediate once the roots are known. Let us start with the roots for Y M |vw -functions.
B.1 Y M |vw -functions
The critical behaviour of roots of 1 + Y M |vw is largely analogous to that observed for the asymptotic solution of the undeformed model [22] , only there are twice the number of roots.
In the undeformed case, 1 + Y M |vw has two roots that cross the integration contour at a certain value of the coupling, resulting in driving terms above the so called critical value, g crit . These roots are imaginary and move towards the lines ±i/g, where they each split in two roots lying symmetrically on the lines i/g and −i/g. For the asymptotic solution, the first few critical values were found to be 4.429, 11.512 and 21.632 corresponding to Y 1|vw , Y 2|vw and Y 3|vw respectively. For our orbifolded model, we find that 1 + Y M |vw in general has four extra roots, in addition to the noncritical ones mentioned in the main text. Two of these correspond directly to the roots present in the undeformed case, and we can plot their critical values as a function of twist. The result, immediately requiring some further discussion, is presented in figure 3 . Note that these plots directly reproduce the critical values observed for the undeformed model. The main interesting feature is that the plot of the critical value as presented, is not really a function of the twist; it it multi-valued. However, looking at a specific twist, this simply corresponds to having two critical values. As the reader might have guessed by now, this second critical value simply corresponds to the critical value for the second pair of roots present in our orbifolded model. Beyond the point where the two critical values merge, the roots no longer play a role in the TBA; they do not cross the integration contour. The interesting question that remains is whether the upper part of these curves actually touches the g-axis at a finite (but clearly large) value of the coupling, meaning that the second pair of roots should also play a role in the undeformed model, though only at very large coupling. This is in fact not the case, as we can show nicely that these curves should close in on the g-axis at infinite coupling; let us do so explicitly for the curve corresponding to Y 1|vw .
The critical value curve for Y 1|vw corresponds to the curve T 21 (±i/g) = 0, which follows by construction of the Y-functions, cf. (3.6). Considering that in the large g limit, the solution of the BY equation is given by [22] with the first correction proportional to c + cos(α) 15 , where c is some constant. This shows that at zero twist, the second zero of T 21 (±i/g) lies at infinite coupling.
B.2 Y M |w -functions
While the analytic structure of the Y M |vw -functions was still similar to the undeformed model, the case of Y M |w -functions, where we include Y − as −Y 0|w , is qualitatively different and more involved. In general, these functions have four roots, and these four roots can show three different types of critical behaviour. The type of critical behaviour depends on the index M of the Y function, and the specific value of the twist, and can be quite intricate. Let us illustrate the general discussion with a plot of the critical values for Y − in figure 4 . The way to interpret the above plot is to consider a specific twist, and look at the number of critical values. This can be one, two, three, or four, depending on the twist chosen. The rightmost curve corresponds to T 11 (−i/g) = 0, analogous to the above discussion for the Y M |vw -functions. The following three types of critical behaviour can then occur:
Type I: Provided we cross the critical value corresponding to the curve T 11 (−i/g) = 0 first (i.e. α being smaller than the intersection point of the curves), there are simply two roots that enter the equations, and another two that enter after crossing the second critical value, just as for Y M |vw .
Type II:
Beyond this point however, four roots will generically enter the equations after crossing the lowest critical value. A second set of roots will approach from outside the integration contour, and merge with the first set of roots exactly at the second critical value, pinching the integration contour. Immediately after, these merged roots will split in two again, where now half the contribution from all eight roots needs to be taken into account, in accordance with the pinching. Provided the twist is such that we can still cross the curve T 11 (−i/g) = 0, the first crossing corresponds to the second set of roots moving away again after merging at ±i/g, leaving us with half the contribution from four roots, only to be completed again to half the contribution from all eight roots after crossing the curve a second time. a Y M |w function starts from zero M + 1 times, at α = 0 mod π/(M + 1). This has been illustrated in figure 5 . The complete picture of the asymptotic criticality is then obtained by adding additional curves to figure 5, so that a picture qualitatively the same as figure 4 arises from each point where the critical value is zero. We refrain from presenting these curves here, as they provide no insight, and are time-consuming, though conceptually simple, to find.
Finally we would like to come back to the continuity of the hybrid equations, considered as a function of twist. While the relationship between L T BA and J is discontinuous in the zero twist limit, the full equation, equation 3.15, is of course continuous. The extra 2 E appears as the contribution from the extra roots of 1 − Y − discussed above. In the zero twist limit, these roots move towards ±∞ − i/g, while their critical value goes to zero simultaneously, cf. figure 4. Analyzing the resulting driving terms, the only term that survives in the limit of roots with large real parts is the term , where r is the real part of any of the four roots. Taking the limit r → ∞ in the expression for this kernel gives exactly −2i log
